Approximations of the non-additive non-interacting kinetic energy (NAKE) as an explicit functional of the density are the basis of several electronic structure methods that provide improved computational efficiency over standard Kohn-Sham calculations. However, within most fragment-based formalisms, there is no unique exact NAKE, making it difficult to develop general, robust approximations for it. When adjustments are made to the embedding formalisms to guarantee uniqueness, approximate functionals may be more meaningfully compared to the exact unique NAKE.
Approximations of the non-additive non-interacting kinetic energy (NAKE) as an explicit functional of the density are the basis of several electronic structure methods that provide improved computational efficiency over standard Kohn-Sham calculations. However, within most fragment-based formalisms, there is no unique exact NAKE, making it difficult to develop general, robust approximations for it. When adjustments are made to the embedding formalisms to guarantee uniqueness, approximate functionals may be more meaningfully compared to the exact unique NAKE.
We use numerically accurate inversions to study the exact NAKE of several raregas dimers within Partition Density Functional Theory, a method that provides the uniqueness for the exact NAKE. We find that the NAKE decreases nearly exponentially with atomic separation for the rare gas dimers. We compute the logarithmic derivative of the NAKE with respect to the bond length for our numerically accurate inversions as well as for several approximate NAKE functionals. We show that standard approximate NAKE functionals do not reproduce the correct behavior for this logarithmic derivative, and propose two new NAKE functionals that do. The first of these is based on a re-parametrization of a conjoint PBE functional. The second is a simple, physically-motivated non-decomposable NAKE functional that matches the asymptotic decay constant without fitting. a) Corresponding Author: awasser@purdue.edu
I. INTRODUCTION
Since their initial development in the 90's, density embedding methods [1] [2] [3] have spurred interest in kinetic energy (KE) density functionals. In these methods, a system is partitioned into fragments, and an embedding potential is introduced to compensate for the fragmentfragment interactions. The total energy of the system is recovered from the sum of fragment energies plus an interaction term. The embedding potential for a given fragment is related to the functional derivative of this interaction energy. For embedding calculations that use standard density functionals, the Hartree, exchange, correlation and electron-nuclear terms of the interaction energy can be written exactly as functionals of the density. However, the KE component must be approximated if it is to be written as an explicit density functional.
This component is known as the non-additive non-interacting kinetic energy (NAKE) and it is a critical component in describing these fragment-fragment interactions. It is defined as the difference between the non-interacting KE of the entire system density and the sum of the non-interacting KE of the individual fragment densities:
where T These methods typically involve computationally expensive inversion methods [4] [5] [6] [7] [8] [9] .
The downside of using these highly accurate NAKE methods to evaluate the performance of approximate density functionals within standard subsystem DFT is that the solutions are no longer uniquely determined by a given partitioning of a molecule. In other words, for a given partitioning, there are multiple possible values of the NAKE that will reproduce the same total energy of the system. This non-uniqueness is removed in Partition Density
Functional Theory (P-DFT) [10] [11] [12] , where the partitioning is done by minimizing the sum of the fragment energies under the constraint that the sum of the fragment densities matches the total molecular density. The uniqueness can also be restored within subsystem-DFT by imposing the additional constraint that all fragments share the same embedding potential 6 .
In the first part of this work, we look at the behavior of approximate NAKE functionals alongside highly accurate numerical evaluations of the NAKE for the rare-gas dimers. We use P-DFT to ensure uniqueness of the resulting fragments. We then compare the behavior of our highly accurate implicit functional with the behavior of approximate functionals. In the second part, we will introduce a new functional (R-PBE), a conjoint PBE functional re-parameterized with a set of NAKE data, and demonstrate that it improves the groundstate energy and density as well as the binding curve in P-DFT calculations for the rare-gas dimers. In the third part, we will introduce a physically motivated, non-decomposable NAKE functional that accurately reproduces the asymptotic behavior for the rare-gas dimers.
II. PARTITION-DFT
A detailed review of P-DFT can be found in Ref. 12 . Here is a brief summary. In P-DFT, the system is partitioned into non-interacting fragments by dividing the total potential v(r)
into fragment potentials v α (r), where α is the fragment index. Each fragment is assigned
The sum of the fragment energies does not match the energy of the whole system. The remaining part is defined as the partition energy
Minimization of the sum of the fragment energies under the constraint that the sum of the fragment densities equals the molecular density leads to the fragment KS equations:
where the partition potential v p [{n α }](r) is the Lagrange multiplier associated with the constraint. It can be shown that in order to satisfy the density constraint, the partition potential must be set equal to the functional derivative of the partition energy with respect to n(r):
The partition energy may be broken into components,
where each component can be expressed exactly as an explicit functional of the fragment densities, except for the KE component. In previous work 8 we developed an inversion procedure capable of numerically evaluating T
With this method, we can reproduce the KS-DFT energies to within 10 −8 Hartree. We refer readers to this paper for more details on the inversion procedure.
III. APPROXIMATE FUNCTIONALS FOR T S [n]
Semilocal approximations for T S [n] can be written in the general form
where s = |∇n(r)|/(kFn(r)) is the reduced density gradient with kF = (3π 2 n(r)) One strategy to construct KE functionals is through a linear combination of TF and vW.
They can be written in the general form
In this paper, we consider the choices of λ listed in Table I 17-22 , and refer to this type of KE functionals as TFλW functionals.
Another strategy to construct KE functionals is based on the "conjointness conjecture" 23, 24 .
Many KE functionals conjoint the PBE 25 exchange energy functional, which has the enhancement factor The choice of parameters κ and µ of the conjoint PBE functionals considered in this paper are listed in There are of course other choice of approximate functionals for T S [n] not considered in this work 16, [32] [33] [34] [35] [36] [37] .
IV. BEHAVIOR OF NUMERICALLY EXACT T nad S

AND ITS
DERIVATIVES
We calculated highly accurate NAKEs at a wide range of separations for the rare-gas dimers using our own all-electron real-space code CADMium. LDA is used as the exchangecorrelation functional throughout this paper, and the equilibrium stands for the LDA equilibrium separation. The LDA is known to severely overestimate the binding energy of noble-gas dimers 38 . This is due almost entirely to functional-driven errors, not density-driven errors 39 , so the conclusions of our work will only depend minimally on this choice of XC functional.
The exact NAKE in this paper is the one that reproduces the LDA results, including all of its errors. Hartree, which is mostly due to the difference between using finite basis sets (NWChem) and a real-space grid (CADMium). We use the NAKE generated with the inversion procedures in CADMium as benchmark for the numerically "exact" LDA NAKE in this paper. 
B. Unambiguous NAKE per particle
The NAKE per particle t nad S (r) measures the performance of the KE functionals in different regions. It is defined as
where τ nad (r) is a NAKE density satisfying
Similar to the NAKE, τ nad (r) can be written as the difference between the KE density of the entire system and that of the fragments:
where τ (r) and τ α (r) are the NAKE density for the entire system and for fragment α, respectively.
The KE density τ (r) is not uniquely defined, as any function that integrates to zero over all space, e.g., ∇ 2 n(r), can be added to a valid τ (r) to produce another equally valid KE density 41 . The non-uniqueness is partially removed for the NAKE density as long as the same form of KE density is employed for both the fragments and the entire system because the laplacian is a linear operator:
The reason of using the NAKE per particle t
is that τ nad (r) is very localized in the region of the nuclei, while t The numerically exact LDA NAKE per particle on the bond axis for select rare-gas dimers.
Left: equilibrium. Right: large separation. Figure 2 shows that the exact NAKE per particle for the rare-gas dimers has a central feature of a double peak with a well in the middle. As the separation of the nuclei of the dimers increases, the peaks move farther apart and become much smaller, while the well becomes wider and deeper. Also, small features exist in the region of the Ne and Ar nuclei.
Those features are visible at the equilibrium but can be hardly seen at larger separations.
C. Non-additive non-interacting kinetic potential (NAKP)
Any effective approximation to the NAKE must perform well in two aspects, its value and its functional derivative 42 . The latter is called NAKP v
It has been shown that the improvements in approximations of the NAKE do not necessarily lead to the improvements in approximations of the NAKP 43, 44 . Therefore, it is necessary to study the behavior of the NAKP.
In P-DFT, the NAKP is unique up to a constant. Therefore, P-DFT provides a suitable framework to analyze the behavior of the NAKP for various approximate KE functionals.
Similar to the behavior of the NAKE per particle, figure 3 shows that the exact NAKP also has the feature of a double peak with a single well for all the systems we considered. The depth of the wells is smaller compared to that of the NAKE per particle at the equilibrium, but of about the same size at the larger separations. The exact NAKP also shows some 
V. RE-PARAMETRIZATION
Most KE functionals fit the parameters to a set of T S [n] data. In this work, we choose the PBE form of the enhancement factor in Eq. 8 and re-parameterize it by fitting to our accurate set of T nad S [{n α }] data for rare-gas dimers.
The re-parametrization is done in the following way. For each rare-gas dimer, we choose 13 different separations evenly distributed between Req − 1/4bohr and Req + 1/2bohr, where
Req is the equilibrium separation. We then look for the κ and µ that minimize the error ∆ ∆ =
is the non-self-consistent NAKE evaluated from the exact P-DFT density using the re-parameterized enhancement factor and R i is the ith separation.
The results are shown in Table V . The optimal value of κ is close to 2 for all systems, which is much larger than the typical κ value of the conjoint PBE functionals listed in that to obtain accurate NAKE in P-DFT calculations, the value of κ needs to be even larger than that of revAPBEK. On the other hand, the optimal value of µ is much smaller and varies between 0.01 − 0.03 for different systems. The last set of κ and µ in Table V is B. Behavior of NAKE per particle Figure 5 shows the NAKE per particle with selected approximate KE functionals of He 2 , Ne 2 and HeNe on the bond axis. In general, most of the approximations fail to accurately reproduce the feature of a double peak with a single well, and none of the approximations reproduce the correct features observed around the Ne nuclei. TF has a single peak and vW has a very deep and wide well in the center for both equilibrium and large separations.
However, the TFλW functionals do not reproduce the double-peak feature because the well in vW is wider than the peak in TF. TW02I does reproduce the double-peak feature, resembling the exact result at equilibrium, but at large separations the peak becomes higher and the well becomes narrower than it should. Although R-PBE fails to reproduce this feature at the equilibrium because the two peaks overlap, it does reproduce the feature at large separations with the well of a more accurate width than TW02I.
C. Behavior of NAKP Figure 6 shows the NAKP with selected approximate KE functionals of He 2 , Ne 2 and
HeNe on the bond axis. The behavior of the NAKP with approximate functionals is very similar to the behavior of the NAKE per particle of those functionals. The most noticeable difference is in TW02I. While it matches the exact result fairly accurately for the behavior of the NAKE per particle, in the case of the NAKP it yields much higher peaks and a 
D. NAKE and self-consistent density at equilibrium
In this section, the performance of the KE functionals at the equilibrium is studied for six rare-gas dimers: He 2 , Ne 2 , Ar 2 , HeNe, HeAr and NeAr. To measure how well an approximate KE functional performs in different regions with only one number, we calculated the error in the self-consistent density using Due to the small overlap between the fragment density at equilibrium, setting T nad S = 0 yields relatively small errors, which is ∼ 1mHa for the NAKE, and ∼ 0.01 for the selfconsistant density. All functionals using the conjointness conjecture give an error in the NAKE of less than 1mHa and an error in the density of less thab 0.01. In terms of the NAKE, R-PBE achieves the best result for He 2 and LC94 for Ne 2 and HeNe, while TW02II For each system, the best result is in boldface and the worst is in italics.
achieves the best result in terms of the density, followed by R-PBE. It is worth noting that although revAPBEK yields better results than APBEK in terms of the NAKE as in Ref 
E. Dissociation
The dissociation curve can be used as a measure of the performance of approximate KE functionals as the dimers are stretched. Overall, conjoint PBE functionals yield better dissociation curves for the rare-gas dimers than other approximate KE functionals. Figure   7 shows the dissociation curve with conjoint PBE functionals for rare-gas dimers. TW02I, TW02III, TW02IV, APBEK and APBEKint yield very similar results, so only TW02I is shown, and revAPBEKint yields a similar dissociation curve to revAPBEK. R-PBE errors are smaller than 0.1bohr for the equilibrium bond lengths of He 2 , Ar 2 , and
HeAr. For Ne 2 , HeNe and NeAr, the R-PBE equilibrium bond length is larger than the exact result. revAPBEK yields an accurate equilibrium bond length for Ne 2 , TW02I for HeNe and HeAr, and TW02II for He 2 and HeAr. In terms of the binding energy, R-PBE matches the exact dissociation curve for He 2 , and has an error of less than 0.1mHa for HeAr, and it still outperforms the other conjoint PBE functionals for the other rare-gas dimers, especially at large separations. Although revAPBEK and revAPBEKint have accurate binding energies near the equilibrium, they overbind in all systems, while TW02II underbinds in all systems.
Overall, R-PBE performs the best in dissociation for the rare-gas dimers.
VI. TWO-ORBITAL APPROXIMATION (2OA)
In two-orbital homo-nuclear diatomics one Kohn-Sham orbital has gerade symmetry while the other orbital has ungerade symmetry. By treating the fragment densities of these systems as if they represented localized molecular orbitals, we can construct approximations to the gerade and ungerade KS molecular orbitals. We begin by studying this idea with nonself-consistent post-P-DFT calculations. In this case, each fragment orbital has the same asymptotic behavior as the HOMO, which is the ungerade orbital. Because of this, we construct an approximation to the ungerade orbital first:
This approximate orbital will have the correct symmetry and be properly normalized by
. After the normalization, we can construct the remaining gerade orbital from the remaining density.
This approximation becomes exact as the inter-nuclear separation goes to infinity, but it still does quite well in the bonding region even at relatively short bond lengths. These approximate orbitals then lead to approximate KEs that can be used to construct NAKEs:
This approximation can only be expected to give reasonable results for He 2 , but it is interesting to note that it captures the asymptotic behavior of all other rare-gas dimers better than any other approximate functional.
A. Asymptotic Behavior
As we noted in section IV A, the exact NAKE behaves as a nearly exponential function of the inter-nuclear separation for all the rare-gas dimers. The 2OA of Eq.(17) satisfies this exact condition, as shown numerically in Figure 8 , where the y-axis is in the logarithmic scale.
The 2OA not only reproduces the nearly exponential behavior but also has the same decay constant compared to the exact NAKE. On the other hand, most of the other approximations either do not reproduce the nearly exponential behavior or reproduce the nearly exponential behavior but with a different decay constant (FR(B88) and LLP reproduce the asymptotic behavior, but their decay constants are not as accurate as 2OA). Figure 9 compares the ratio between the exact NAKE and the 2OA. For each system, the ratio is almost a constant regardless of the inter-nuclear separation. This indicates that we can multiply 2OA by a single system-dependent parameter M and obtain an approximation that accurately reproduces the NAKE for all rare-gas dimers. We refer to 2OA with the parameter M as scaled-2OA here onwards. For He 2 , we expect M to be slightly less than 1 because the KE follows a variational principle and therefore the correct KE for the two orbitals of the helium dimer must be less than the KE of our approximate orbitals.
We optimized M by minimizing the square of the difference between the NAKE from B. Dissociation Figure 10 compares the binding curve for inversion, TF, 2OA and scaled-2OA. As expected, the 2OA only works well in the case of He 2 . However, it is impressive that the scaled-2OA binding curves accurately match the exact binding curves in all these cases. 
VII. CONCLUSIONS
We have provided uniquely defined numerically exact NAKE reference data as well as NAKE data from approximate KE functionals for the rare-gas dimers. We also introduced two new NAKE functional approximations: R-PBE, a conjoint PBE functional re-parameterized with the NAKE data for the rare-gas dimers; and 2OA, a simple, physicallymotivated, non-decomposable NAKE approximation constructed from two orbitals that are explicit functionals of the fragment densities.
Our NAKE data obtained from highly accurate inversion procedure with P-DFT calculation show that the exact NAKE for the rare-gas dimers has a nearly exponential asymptotic behavior, which is not well reproduced by the approximate KE functionals. Our new approximations significantly improve this asymptotic behavior. For R-PBE, this is a result of fitting into the NAKE data. Although 2OA was not intended to approximate systems with more than two orbitals, it also reproduces the asymptotic behavior extremely well for all the rare-gas dimers.
We also provided the data of the NAKE per particle and the NAKP, two quantities that can be used to measure the performance of NAKE approximations in different regions. None of the approximations matches the exact result accurately for these quantities. However, R-PBE can reproduce the main feature of a double peak and a central well, but the size of these features is incorrect at large separations.
As for the NAKE and the self-consistent density at the equilibrium, approximations that use the conjointness-conjecture strategy generally produce better results while approxima- 
